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Introduction
Most of the derivations and formulae for the calculation of coil inductances are for the generic case of a conducting wire wound into a helix to form an inductor. Careful consideration must be made when calculating the inductance of alternate geometries, as the equations for simple wire-wrapped geometries may not prove appropriate. In this report, a technique for calculating the inductance of one such geometry, a variable pitch helical inductor ( Fig. 1) , is presented. The inductor is machined from a metallic tube on a 4-axis milling machine. This inductor has a nonuniform pitch with a conductor of rectangular cross section that varies in width.
The gap between windings is constant. Current flows through the inductor and is returned via an end cap and interior coaxial cylinder. No simple equation can accurately predict the inductance of such geometry.
Fig. 1 Variable pitch helical inductor (front and cross-section views)
The technique presented here is not limited to this specific geometry and can be adapted to cover more complex geometries as needed.
Discrete Model
To begin, we split the geometry in Fig. 1 into 3 distinct regions. There is a section of concentric coaxial tubes on the left, a helical inductor in the middle with an interior tube, and another section of concentric coaxial tubes on the right. These 3 inductors are connected in series, thus we can calculate the total inductance:
Calculating the inductance of a set of coaxial tubes is relatively straightforward and will be covered in Section 3. Determining the inductance of the helical section is more difficult and cannot be done directly using analytical techniques. A common technique is to break the individual helical turns down into a series of rings of current (Fig. 2) . By calculating the inductance of each ring and the mutual inductances of all the rings with respect to each other, we can determine the total inductance of the helical section 1 : ,
where when i = j, Mii = ring self-inductance.
Fig. 2 The helical section replaced by discrete rings of current
A solenoid generates a nearly constant magnetic field internally. The central return cylinder shields this magnetic field from its interior volume. The shielding effect lowers the inductance by the ratio of shielded volume to total coil interior volume. Thus, we can modify Eq. 2 to account for the shielding effect:
.
There is no mutual inductance between the 2 coaxial sections and the center coil, as the direction of current and magnetic fields are nearly perpendicular to each other. The coaxial tubes have axial current flow (circumferential flux lines), and the coil has nearly circumferential current flow (axial flux lines). The flux lines are perpendicular to each other, yielding no magnetic coupling.
Coaxial Tube Section Inductance
The inductance per unit length of 2 concentric tubes ( Fig. 3) , where current flows through one and returns through the other, is straightforward 2 :
. (4) 
Self-Inductance Terms
To calculate the self-inductance of a single ring of current, we can use current sheet theory. A current sheet is an infinitesimally thin conducting sheet wrapped into a tube (Fig. 4) . Current evenly flows circumferentially around the sheet, creating a magnetic field internally.
Fig. 4 Cylindrical current sheet
Its inductance can be calculated using Snow's formula (modified to MKS [meter, kilogram, second] units) , and
Unfortunately, there are no analytical solutions for these 2 integrals. They can, however, be calculated numerically quite easily.
Another approach, presented by Welsby, 3 is much simpler to use and will produce acceptable results for all but the most demanding applications. For a current sheet where l >> d, the following formula will produce good results:
where A = the cross-sectional area of the current sheet.
However, many applications, such as the one in Fig. 2 , have rings where d > l. For this condition a correction factor must be applied to account for the end effects, which produce a nonuniform magnetic field within the volume encompassed by the current sheet. Our inductance equation now becomes
where Kn is the so-called Nagaoka constant:
The self-inductance of each ring of current in the inductor model can then be calculated by either numerically integrating the elliptical formulas in Eq. 5 or by using the simplified approximation of Eq. 7.
Mutual Inductance Terms
Direct calculation of the mutual inductances between rings of current is very difficult. A simplified approach is to apply the Rayleigh quadrature formula. It replaces the rings of current with several conducting filaments, and as long as current flows uniformly through the cross section of the ring, the mutual inductances between filaments can be calculated and then averaged to determine the overall mutual inductance between rings. Take 2 arbitrary rings of current, as depicted in Fig. 5 . Filaments are placed at the numbered positions 1-5. The mutual inductances between each center filament and all filaments in the neighboring ring are calculated. The overall mutual inductance between the 2 rings is then calculated using the following averaging formula 4 :
. (9) 
Fig. 6 Conducting filaments
We can simplify these equations further, where the radius and thickness of our conductors are constant, ri = rj = rm:
where
Again, we are presented with solving elliptical integrals, which have no analytical solution. We must resort to using numerical integration techniques. In this case, for
each mutual inductance calculation, we must calculate 10 elliptical integrals. For a 9-turn coil, we have 72 mutual inductances to calculate, which will require a total of 720 elliptical integrals to be solved. Modern computing hardware can perform these calculations to sufficient accuracy quickly.
Skin Depth
There are limitations to the formulas presented previously for self-inductance and mutual inductance. The self-inductance formulas assume current flows through an infinitesimally thin conducting sheet while the mutual inductance formulas assume current flows uniformly through the conducting ring's cross section. Neither assumption is entirely correct. To reconcile the 2 disparate assumptions, we introduce the concept of classical skin depth.
When current begins flowing through a conductor, it starts at the surface and diffuses with time into the interior volume of the conducting material. If the magnetic field is produced by alternating current, the current (and subsequently the magnetic field) is continually diffusing in and out of the conductors but always within a finite thickness or depth referred to as the skin depth region. Because the diffusion process has a finite rate, at higher frequencies the current conducts through a thinner cross section of conductor than at lower frequencies. At very high frequencies, the self-inductance calculations will be correct using the current sheet equations. Conversely, at very low frequencies, the mutual inductance calculations will be correct. Adjustments can be made to both inductance calculations to account for the actual skin depth being used by the current in our application, increasing the accuracy of our inductance calculations.
For convenience, we introduce the concept of Classical Skin Depth. All diffusion processes in nature have a characteristic exponential decay with distance. Classical Skin Depth simplifies this exponential decay by replacing it with a finite depth of uniform current. Using the classical skin depth definition, we can adjust the effective diameters used to calculate the inductances. The classical skin depth can be calculated using the following formula 5 :
where = frequency, = conductor conductivity, and = magnetic permability of free space = 4π x 10 −7 H m . �
The coaxial tube inductance formula is based on current flowing uniformly through the conducting cross section of the tubes. But we know now that current is only flowing through a thin layer on the inner diameter of the outer conductor and a thin layer on the outer diameter of the return conductor (Fig. 7) . Thus, we modify the following 2 radii to reflect current flowing only through the area encompassed by the skin depth of conductor:
Fig. 7 Skin depth in coaxial conductors
Since the ring self-inductance formula is accounting for the magnetic field over all space, not just inside the conducting rings, we must also adjust our diameter of the current sheet to include the skin depth of the current (Fig. 8) . Subsequently, we can use the following effective current sheet diameter for calculating self-inductance: The skin depth effect also applies to the return conductor. We modify its diameter by subtracting the thickness of the skin depth in the following formula:
For our mutual inductance calculations, instead of having the current flow evenly through the conducting ring cross section, we assume it flows through only the skin depth area on the inside of the ring. Now, instead of using the average diameter of the conducting ring for our filament model, we use the diameter corresponding to half the through thickness of the skin depth, as shown in Fig. 9 . The diameter/radius of the filaments is determined to be 
Preliminary Results
The previously described technique was used to calculate the inductances of a set of coils machined from aluminum tubes, as shown in Fig. 1 . Keeping the length of the coil constant, the number of coil turns was varied (i.e., 3, 5, 7, 9, 11, and 13 turns). The inductances for the coax end pieces and the coil section were also calculated. For comparison, the self-inductances of each ring were calculated using both techniques above (elliptical integrals and shortcut formula). The equations were entered into a Microsoft Excel spreadsheet for calculation (see Appendix A). Visual Basic subroutines (see Appendix B) were written in Excel to perform the numeric elliptical integrals. The subroutines used Simpson's rule with 1,000 intervals to calculate the integrals. This number of intervals was chosen as a good compromise between accuracy and calculation speed. Inductance measurements were also performed in the lab using an inductance meter to verify the accuracy of the calculations at 3 different frequencies: 1, 10, and 100 kHz. The results are listed in Table 1 and Fig. 10 . As can be seen in Fig. 10 , we have very good agreement between measurements and calculations at the higher frequencies of 10 and 100 kHz. The 1-kHz calculations are predicting higher inductances than what was measured. A closer look at the calculations reveal that the classical skin depth at 1 kHz is nearly identical to the conductor thickness of the coil. Initially, this might seem fortuitous, as we are efficiently using all of the conductor thickness to conduct current; however, we are not. The definition of classical skin depth is an approximation that assumes that all the current is flowing evenly within the region encompassed by the skin depth. The current is actually diffusing into the conductor with the highest levels at the inner surface and decreasing exponentially through the conductor thickness. Equation 19 gives us the current density versus depth:
where Js = field strength at the conductor surface, x = distance from the conductor surface, and δ = classical skin depth.
If we plot this equation through the thickness of our coil for each frequency, we get the plot displayed as At 100 kHz, we see that 100% of the potential field is inside the conductor. At 10 kHz, nearly all of the potential field is inside the conductor. At 1 kHz, however, we find that a large portion of the exponential tail is missing. The classical skin depth assumes that all of the potential field is within the conductor; at the lower frequencies we find this is not true. We can make a correction to our classical skin depth calculation to account for this missing field. If we integrate Eq. 19 over the conductor thickness, we can calculate the following ratio:
For a semi-infinite thickness, evaluate this over the range of x = 0 -∞, to get
Comparing this result to the finite thickness calculation for the conductors, we get:
At 1 skin depth (δ) we get 0.632 or 63%, at 2 skin depths we get 87%, and 3 skin depths yields 95%. We will then reduce the skin depth by multiplying by the factor calculated by Eq. 22 to account for the field not present because of a finite thickness conductor. Equation 13 now becomes:
Using the new skin depth calculated for each conductor, we repeat the calculations for inductance (Table 2 and Fig. 12 ). 
Fig. 12 Coil system inductance measurements and calculations with corrected skin depth
The corrected skin depth does a much better job in predicting inductance at the lower 1-kHz frequency with a maximum error of only 2.9% for the 13-turn coil. A close look at the calculations show that the influence of the coaxial ends to inductance is small compared that of the coil. The 89-mm-long coaxial ends add a total of 0.018, 0.015, and 0.013 µh of inductance at 1-, 10-, and 100-kHz frequencies.
The individual inductance calculations for self-inductance and mutual inductance are given in Table 3 . For comparison, the self-inductances were also calculated using the much easier Nagaoka correction to the current sheet inductance formula. This produces a maximum error of only 1.75% in calculating self-inductance or 0.6% in total inductance. This error may be very acceptable in many situations. It's also worth noting that coils with few turns are dominated by self-inductance while the many turn coils are dominated by the mutual inductance between windings.
Conclusions
The technique described earlier for calculating the inductance of variable pitch helicoils of rectangular cross section has produced results accurate to a few percent over a range of frequencies and number of turns for a sample coil. Taking into account the effects of skin depth into the inductance calculations is important for coils with a coaxial return, such as those described here. The volume of field contained in the coil conductors can be a large fraction of the overall field. Not incorporating this field will yield inaccurate inductance predictions. Larger-diameter coils and smaller-diameter coaxial returns will have inductances that are less affected by the field contained within the conductors.
This technique for calculating inductance can be applied to other more complex forms of geometry, including tapered coils, by simply using the more general forms of the self-and mutual inductance formulae. 
Visual Basic Subroutine for Complete Elliptical Integral of the First Kind
Function Elliptic1(l, d) As Double ' ' Integral solution using Simpson's Rule ' Dim i As Integer Dim Pi As Double, uo As Double, kc As Double Dim a As Double, amax As Double, da As Double Dim steps As Integer Dim func1a As Double, func1b As Double ' On Error GoTo err_TorisV1 steps = 1000 Pi = 3.14159 uo = 4 * Pi * 0.0000001
' Calculate mutual inductance between two nearby circular ' fillaments or radius ri, rj with distance between d ' ' Proceedure calculates the two elliptical integrals necessary ' to calculate the mutual inductance ' ' Uses simpsons rule for the numerical integration Function Elliptic2(l, d) As Double ' ' Integral solution using Simpson's Rule ' Dim i As Integer Dim Pi As Double, uo As Double, kc As Double Dim a As Double, amax As Double, da As Double Dim steps As Integer Dim func2a As Double, func2b As Double Dim num As Double, den As Double ' On Error GoTo err_TorisV1 steps = 1000 Pi = 3.14159 uo = 4 * Pi * 0.0000001
' Calculate mutual inductance between two nearby circular ' fillaments or radius ri, rj with distance between d ' ' Proceedure calculates the two elliptical integrals necessary ' to calculate the mutual inductance ' ' Uses simpsons rule for the numerical integration Function MutualI(d, ri, rj) As Double ' ' Integral solution using Simpson's Rule ' Dim i As Integer, steps As Integer Dim kc As Double, Pi As Double, uo As Double Dim Elliptic1 As Double Dim Elliptic2 As Double Dim a As Double, amax As Double, da As Double Dim func1a As Double, func2a As Double, func1b As Double, func2b As Double ' On Error GoTo err_TorisV1 steps = 1000 Pi = 3.14159 uo = 4 * Pi * 0.0000001 ' '--------------------------------------------------------- 
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